Motivated by the recent experimental progress in the study of p-wave resonant Fermi gases, we investigate the normal state properties of such a gas. We calculate the universal equation of state and the two p-wave contacts that characterise the universal properties of the system, in good agreement with experiments. Our calculation takes explicit account of the effective range correction, obtains the superfluid transition temperature Tc within the Nozières-Schmitt-Rink (NSR) scheme, and shows that it lies within experimental reach. We derive an analytic expression for Tc in the weak coupling limit and show explicitly the non-perturbative nature of the effective range corrections.
Introduction. Studies of p-wave Feshbach resonances with ultracold atomic gases date back to 2003 when they were first observed in 40 K [1] . This and subsequent experiments [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] have explored the collisional properties of the gas in detail and showed that the system suffers significant loss close to resonance. In contrast, broad swave Feshbach resonances are stabilized by Pauli exclusion of three-body processes, allowing an s-wave resonant superfluid to be realized [12] . The difference between the s-and p-wave resonances stems from the existence of centrifugal barrier in the case of p-wave resonance, which tends to support quasi-bound dimer states within the centrifugal barrier and thus leads to significant atom loss, preventing the study of a resonant p-wave gas in equilibrium [5, 13] .
However, a recent experimental study [14] of a single component Fermi gas of 40 K, utilizing a fast spectroscopic measurement, has shown that close to the pwave Feshbach resonance, the system can establish quasiequilibrium between the scattering fermions and the quasi-bound dimer states, while suffering an overall loss that still allows the study of properties of the gases to be conducted. In this way, it is demonstrated experimentally that the p-wave resonant Fermi gas obeys a set of universal relations controlled by the p-wave contacts [15] [16] [17] [18] [19] , analogous to the s-wave case [20] [21] [22] [23] . Unlike the s-wave case where usually a single parameter, the s-wave scattering length, is sufficient for the description of the universal properties, in the p-wave case, one needs to take into account the effective range corrections in order to formulate a consistent theory [16] . In the presence of externally or spontaneous broken axial rotation symmetry, the p-wave contacts have to be extended to a tensor [24, 25] (see also Ref. [26] ). So far, however, no explicit calculation of the p-contacts exists except via Virial expansion [16] , leaving unexplored an exciting regime of p-wave resonant Fermi gases in the normal state, and in particular, close to the superfluid transition temperature.
In this Letter, we fill this gap by developing a manybody theory for the normal state of a single component p-wave Fermi gas. We adopt a two-channel formulation of p-wave resonances and extend the Nozières-SchmittRink (NSR) scheme for s-wave resonances [27] , emphasizing the role of p-wave effective range. We calculate the universal equation of state for the resonant Fermi gases in the normal state and also the associated p-wave contacts. Finally we determine the superfluid transition temperature T c of a p-wave Fermi gas, using parameters appropriate to the current experiment. An analytic expression for T c is also obtained in the weak coupling limit that shows explicitly its non-perturbative dependence on the effective range, and further emphasizes its special importance as compared with s-wave case.
The Model. We adopt a two-channel description of the p-wave Feshbach resonance for a spinless Fermi gas. The non-interacting Hamiltonian:
whereâ † k is the creation operator for (spinless) fermions with momentum k with kinetic energy ǫ k = 2 k 2 /2M , where M is the fermion mass.b † m,q is the creation operator for closed channel molecules with momentum q and relative angular momentum projection m. In this work, we work close to a p-wave resonance and neglect other partial wave scatterings, including the s-wave. As a result, m = 0, ±1. In actual experiment for 40 K, the resonances for m = 0 and m = ±1 are split by about 0.5G [1, 14] . This is taken into account by assuming a m-dependent detuning ν m of the closed channel molecules. The conversion between the open channel scattering fermions and the closed channel molecules is given bŷ
where g m is the coupling constant. The matrix element kY 1m (k) arises from the p-wave symmetry of the molecules where k = |k| andk = k/k. The bare coupling constants {ν m , g m } can be related to the low-energy p-wave scattering parameters by a standard renormalisa-tion procedure (hereafter we set = 1) [14, 15] 
where we have introduced the p-wave scattering volume v m and effective range R m through the low-energy effective range expansion
is the p-wave scattering phase shift with magnetic projection m. Note that we have neglected the direct p-wave interaction between the spin polarized fermions. The total number of fermions N is given by
In the following, we define the Fermi wave vector
, where n is the number density and V is the volume of the system. Nozières-Schmitt-Rink scheme for p-wave gases. In the normal state, the thermodynamic potential Ω can be written as Ω = Ω
gives the contribution of non-interacting fermions. β = 1/k B T and ξ k = ǫ k − µ is the kinetic energy of fermions measured from its chemical potential µ.
gives the contribution from bosonic molecules. Note that while Ω F 0 depends only on physical parameters, the expression for Ω M 0 involves the bare detuning ν m , which has to be renormalized later. Within NSR [27] , the contribution to Ω from the interaction term is given by the ring diagrams in Fig. 1 . Explicitly, we have
where G M 0 (q, iν n ) is the Green's function for noninteracting molecules,
and iν n = 2πni/β is the bosonic Matsubara frequency with integer n. The polarization Π m describes the propagation of two fermions and is given by
where f (ξ) = (exp(βξ) + 1) −1 is the Fermi distribution function. A direct evaluation of Π m shows that it is divergent and requires renormalization. This can be achieved together with the renormalization of Ω M 0 by noticing that 
an expression of identical form as that for the single channel model [30] . Here δ m (q, z) is the p-wave scattering phase shift and is given by δ m (q,
, where the vertex function is given by
The renormalized polarization Π
The structure of the vertex function Γ m be analyzed most easily at high temperature where one can neglect the Fermi distribution factors in Eq. (7). In that limit we find analytically Γ
. This leads to two bound states wherez < 0. Solving the equation Γ
We are mostly interested in the resonant regime where the dimensionless parameter |k 3 F v m | ≫ 1, and correspondingly R m assumes its natural scale in low-energy scattering. For all experiments studying p-wave resonances, k F R m ≪ 1. This means thatz 2 corresponds to a very deeply bound state which lies outside the validity of effective range expansion used in our work. In fact, it is known thatz 2 corresponds to the ghost field where the normalization for such a state becomes negative [28, 29] . As a result, in the implementation of NSR calculation, we should neglect thez 2 pole of Γ −1 m , which is allowed if one is only interested in the low-energy properties of the system.
The other polez 1 = −R m /(M v m ) < 0 corresponds to a weakly bound state when v m > 0. This will be referred to as the BEC side of the resonance [see Figure 1 (B) ]. As one tunes across the resonance (v m = ±∞) towards the BCS side (v m < 0), the bound state emerges above zero energy and becomes a quasi-bound state because of the p-wave centrifugal barrier [see Figure 1 (C)]. The quasibound state couples strongly to scattering fermions and generates effective p-wave attraction between them. For k B T ≪ |z 2 |, it is then crucial to take into account the contribution fromz 1 pole, whose energy we denote as as
In the high temperature limit E F ≪ k B T ≪ |z 2 |, Ω int can be expanded to lowest order in fugacity exp(βµ). We can write δ m (q, z) = δ Universal equation of state. In experiment, the effective range R m is approximately a constant around resonance and furthermore, independent of magnetic quantum number m. As a result, we set R m = R in the following for simplicity. On the other hand, the resonances for m = 0 (z-resonance) and m = ±1 (xy-resonance) are split due to magnetic dipole-dipole interactions [9] . In the vicinity of the xy-resonance, there are two possible molecular states in the closed channel, while for the zresonance, there is only one. In 40 K experiments, these two resonances are well separated and do not interfere with each other which allows us to investigate the properties of the gas for the xy-and z-resonance separately.
The free energy of the system can be written in the following universal form around the xy-and z-resonances: work, we focus on the dependences of f xy,z on E b /E F , assuming k F R = 0.04, a typical experimental value. Note that the scaling form for F xy,z works for both normal and superfluid phases. For normal state, we calculate the scaling functions f xy,z within NSR for k B T = 0.8E F (see Figure 2) . For both resonances, the free energy decreases monotonically from the BCS side to the BEC side. Throughout the crossover, f xy < f z since there exist two molecular bound states for xy-resonance and this lowers its free energy. In fact, the difference |f xy − f z | increases as one moves towards the BEC limit. Close to resonance, the reduction of free energy is of order of Fermi energy, indicating strong p-wave interactions. P-wave contacts. One of the most exciting aspects of the p-wave resonantly interacting Fermi gas is the existence of an extended set of universal relations involving the p-wave contacts. As in the s-wave case, the p-wave contacts determine the universal properties of the system including their response to external radio-frequency field, which has been utilized to measure the p-wave contacts in recent experiment [14] . Theoretically, one can calculate the values of the relevant contacts using the adiabatic theorems, which relate them to the variation of the free energy with respect to the scattering parameters:
and the similar equation for the xy-resonance.
In Fig. 3 , we show the calculated values of C Superfluid transition temperatures. Near a broad swave Feshbach resonance, superfluidity is the most robust at unitarity: the coherence length is shortest and the critical current is largest [12] . Near a p-wave resonance, the pairing symmetry is richer [31] [32] [33] [34] [35] , and additional internal structure breaks scale invariance. In our formulation, apart from the splitting of resonance of m = ±1 (xy) and m = 0 (z), the vertex function Γ m is diagonal in m. This means that close to xy-resonance around T c , the superfluid order parameter is of the axial form, with gap function ∆ k having the symmetry Y 1±1 (k) or their superposition. The detailed form cannot be obtained from our calculation within NSR. It is known that, however, the ground state order parameter should be of the pure Y 1±1 (k) form [31] . Close to the z-resonance, the order parameter is the standard polar form, for which ∆ k ∝ k z . Using the Thouless criterion, we can write the equation for T c close to the z-resonance as Γ −1 z (0, 0) = 0, or explicitly
and similar equation equation determining the T c for xyresonance by replacing Π r z with Π r xy . In Fig. 4 , we show the calculated critical temperature for the xy-and z-resonance. For the xy-resonance, the critical temperature is always lower than that for the zresonance. This is because for the xy-resonance, there are two molecular states in the closed channel which reduces the quantum degeneracy of the system. This is particularly evident in the BEC limit where all N/2 bosons are divided between two molecular states (with m ± 1, each with number N/4 and density n/4), so the corresponding critical temperature for BEC is given by T xy c /T F = 0.086. For the z-resonance, there is only one molecular state with m = 0 and the corresponding number density is N/2V = n/2. This gives a higher critical temperature T z c /T F = 0.137. These values are also consistent with the calculated T c via NSR in the BEC side. The general behavior of T c in our calculation is consistent with that of Ref. [36] , where, however, the dependence of T c on the low-energy scattering parameters {v m , R m } is implicit since it uses the bare coupling constants with a cutoff.
In the BCS limit, v → 0 − , the attractive interaction is very weak and T c becomes very small. In this limit, Eq. (13) simplifies considerably and one can obtain the asymptotic value of T c as
where γ = 1.78107 is the exponential of the Euler constant andμ = µ/E F . Note the standard exponential dependences on the p-wave interaction parameter, the scattering volume v, similar to the s-wave case. In addition, it should be noted that the dependence on the effective range R is also non-analytic, indicating the importance of finite range corrections in a dilute p-wave superfluid. Settingμ = 1 in Eq. (14) , one can equivalently write [37] T c = 8γ
showing that T c changes rapidly around E b /E F ≈ 2 when the quasi-bound p-wave state moves out of the scattering continuum.
At the critical temperature T = T c , the corresponding chemical potential µ as a function of E b /E F is shown in the inset of Fig. 4 . The chemical potential µ is approximately half of the binding energy E b and is thus linear in E b over a wide range of interaction, but it quickly approaches E F around E b /E F ≈ 2 in the BCS limit. When µ = 0, there is a very simple relation between the critical temperature and the scattering volume v
where T c is the critical temperature at µ = 0. We note that this relation is independent of the effective range R. Conclusion. In this Letter, we studied the normal state properties of a resonantly interacting p-wave Fermi gas. The universal equation of state, the p-wave contacts and the superfluid transition temperatures T c are obtained using a two-channel formulation. We show that for the resonance with m = ±1, our estimation of the transition temperatures using actual experimental parameters is quite encouraging experimentally. There remain further important theoretical questions to be investigated such as the analogous Gor'kov-Melik-Barkhudarov correction to T c from medium polarizations [38] .
